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Single-DNA stretching and twisting experiments provide a sensitive means to detect binding of proteins, via
detection of their modification of DNA mechanical properties. However, it is often difficult or impossible to
determine the numbers of proteins bound in such experiments, especially when the proteins interact nonspe-
cifically �bind stably at any sequence position� with DNA. Here we discuss how analogs of the Maxwell
relations of classical thermodynamics may be defined and used to determine changes in numbers of bound
proteins, from measurements of extension as a function of bulk protein concentration. We include DNA
twisting in our analysis, which allows us to show how changes in torque along single DNA molecules may be
determined from measurements of extension as a function of DNA linking number. We focus on relations
relevant to common experimental situations �e.g., magnetic and optical tweezers with or without controlled
torque or linking number�. The relation of our results to Gibbs adsorption is discussed.
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I. INTRODUCTION

Micromanipulation of individual DNA molecules pro-
vides a powerful tool for the study of protein-DNA interac-
tions �1–4�. DNA in living cells is to a first approximation
covered by proteins which provide the context for functions
of the double helix, including gene expression, physical
chromosome organization, chromosome replication, and ge-
netic recombination. Therefore, development of quantitative
tools for analysis of protein-DNA interactions is essential to
mechanistic understanding of the cell. In the rather common
case where a protein of interest deforms DNA �e.g., by bend-
ing, twisting, or otherwise deforming the double helix�, me-
chanical experiments can directly detect its binding �1,5–10�.

If there are only a few binding sites along a DNA strand
under micromechanical study, then one might be fortunate
enough to be able to simply count the number of binding
events, e.g., by observation of jumps in apparent DNA ex-
tension at some fixed force �1,7,11�. This is especially rel-
evant to proteins which bind specific DNA targets of defined
sequence. Alternatively, one might directly observe the num-
ber of proteins bound, e.g., by detection of fluorescently la-
beled proteins �12�. However, both of these strategies start to
run into severe limitations when one starts to consider an
assembly of arrays of proteins along a long DNA strand, in
experiments where one is trying to analyze proteins that are
capable of binding to essentially any sequence position. Ex-
amples of such proteins include most of the DNA-packaging
proteins found in high numbers inside cells, such as the his-
tone proteins of eukaryote nucleosomes �13�, eukaryote
HMG-type proteins which nonspecifically bend DNA �9�, or
similar DNA-bending proteins found in high numbers in
prokaryote cells such as the Escherichia coli proteins HU
�8,9�, IHF �5�, and FIS �14,15�.

The proteins mentioned above have all been studied in
single-DNA micromanipulation experiments, but with the

limitation that in each case no strategy has allowed convinc-
ing determination of the numbers of proteins bound. In some
cases experimentalists have estimated numbers of bound pro-
teins by carrying out parallel solution-phase bulk experi-
ments �5,15�, but the different thermodynamic conditions
make such comparisons problematic. Theorists have ad-
dressed this problem through the approach of analyzing mi-
croscopic statistical-mechanical models in order to match
their predictions to experimental data �2–4�. While valuable
in generating qualitative predictions for broad classes of ex-
periment, solid quantitative results for numbers of proteins
bound are difficult to obtain from a microscopic model due
to the large number of unknown microscopic parameters
typically involved in such models �binding site size, bending
angle, etc.�, not to mention the further complication of se-
quence variation of affinities that occurs even in the case of
sequence-nonspecific DNA-binding proteins.

This paper develops the idea that measurements of ther-
modynamic work done against an externally controlled ten-
sion can be used as a tool to analyze binding of such pro-
teins, without the need for theoretical assumptions beyond
the existence of thermodynamic equilibrium. Analogous
ideas allow analysis of torques generated in single-DNA-
twisting experiments via measurement of extension changes
with changes in DNA linking number. Our approach uses
single-DNA analogs of the Maxwell relations of classical
thermodynamics. We present definitions of free energies ap-
plicable to various experimental situations starting from a
statistical-mechanical perspective, and then we analyze the
resulting free energies from a thermodynamic point of view.
Our approach has some similarities to thermodynamic meth-
ods used to analyze binding of water to biomacromolecules
as a function of osmotic pressure, which is usually varied
through changing concentration of an “osmolyte” molecule
which itself adsorbs water �16,17�.
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Section II treats the case of a DNA molecule subject to
fixed force, chemical potential for binding, and DNA torque.
We show how the Maxwell relations arise, and how they
allow measurements of extension as a function of chemical
potential and force to be used to determine changes in the
number of proteins bound as force is changed. Section II also
illustrates the use of Maxwell relations via analysis of a
simple, exactly soluble model of proteins that generate “fold-
ing” of DNA when they bind.

Section III discusses the case corresponding to force-
cantilever experiments with a relatively large cantilever
spring constant, where one has fixed end-to-end extension,
chemical potential, and torque. This case corresponds to
common optical tweezer experiments with single-strand
DNA attachments �where the DNA torque is zero�. The gen-
eral case of nonzero torque corresponds to a new class of
optical tweezer experiments carried out at fixed extension
and controlled torque �18,19�.

Section IV discusses the case where a DNA molecule is
again held at fixed force and protein chemical potential, but
where the DNA linking number is controlled. This case cor-
responds to magnetic-tweezer DNA pulling-twisting experi-
ments �20–22�. In the thermodynamic limit, it would corre-
spond to the torque-to-linking-number Legendre-transformed
version of the case of Sec. II. However, note that for short
DNA molecules ��1 kb� that are sometimes used experi-
mentally, finite-size effects may generate significant differ-
ences between different ensembles.

A notable result in the fixed-force case is a method to
compute changes in torque using measurements of extension
changes with linking number, which is potentially useful
even for studies of “naked DNA” with no protein present
�23�.

II. DNA MOLECULE CONTROLLED BY FORCE,
TORQUE, AND PROTEIN CONCENTRATION

We begin by discussing the case of a single DNA held at
fixed force and constant torque �Fig. 1�a��. In the special case

of zero torque, this corresponds to the situation where a
“nicked” DNA �or a DNA held down by single-strand end
attachments� is studied, which is unable to support any inter-
nal static torsional stress. Constant DNA tension is usual in
magnetic-tweezer experiments, but may also be obtained us-
ing a force-clamped feedback system for optical tweezers, or
even with specialized optical field gradients �24�.

We also suppose that a species of protein �or other mol-
ecules that might bind or adsorb to the DNA contour� can
then be introduced at concentration c �Fig. 1�b��. When these
small molecules bind to the double helix, they will generate
a change in molecule extension, or linking number that can
be observed experimentally. It is important to recognize that
the discussion of this paper presupposes thermodynamic
equilibration of protein binding, i.e., reversibility of the ac-
cessibility and distribution of microstates as protein concen-
tration is cycled up and down. This is not always the case
experimentally: many protein-DNA complexes have been
observed to assemble readily, but to disassemble only slug-
gishly or not at all, apparently not reaching equilibrium on
experimentally accessible time scales �9,14,15,25–27�.

If binding equilibrium can be achieved, the situation dis-
cussed above is described using Boltzmann statistical me-
chanics starting from a microscopic energy function for a
finite-length DNA molecule interacting with protein, of the
form

E = − �� − fX − �
i

nikBT ln�c/Ki� + Eint. �1�

Here � is the external constant torque, coupled to the DNA
linking number expressed as an angle; the conventional link-
ing number of molecular biology is Lk=Lk0+� / �2��. A
constant external force f is coupled to one space component
of the end-to-end extension �X�.

Binding of proteins is accounted for by a �finite� sum over
all possible binding positions i, with �in general variable�
binding affinities Ki, coupled to binding-position-occupation
variables ni, which are either 1 or 0 depending on whether a
protein is bound there or not. This type of model is widely

(a)

(b)

f τ

f τ
µ=−∞ (c = 0)

µ > −∞ (c > 0)

X
Θ

FIG. 1. Cartoon of DNA molecule held at
constant force and torque �a�. When a DNA-
binding protein is introduced at some finite con-
centration �b�, it will bind and change the average
extension and linking number of the molecule.
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used to describe binding of proteins and other small mol-
ecules to DNA, and is suitable so long as the DNA concen-
tration is low enough that it cannot perturb the bulk protein
concentration c �valid for single-DNA studies�, and so long
as the bulk concentration of protein is low enough for its
solution thermodynamics to be treated as a dilute ideal gas
�valid for DNA-binding proteins usually studied at micromo-
lar or lower concentrations�. The “chemical potential”–like
parameter ��kBT ln c will be used below; note that this
quantity can be additively decoupled from the site-variable
affinities Ki.

Finally Eq. �1� contains an internal �possibly free� energy
Eint which describes the conformational fluctuations of the
DNA molecule and bound proteins, including the elastic
properties of the double helix, interactions between proteins
at nearby binding positions, and effects of DNA deformation
mediated by the bound protein. The results of this paper do
not rest on the detailed form of Eint �a variety of models can
be found in the literature �2,4,28–30��, apart from the essen-
tial property that the externally controlled thermodynamic
fields f , c �equivalently ��, and � do not appear within Eint.

It should be recognized that the end-to-end extension in
the force direction X, the average total linking number �,
and the average number of proteins bound N are quantities
that are dependent on the microscopic degrees of freedom,
e.g., N��ini. These quantities undergo microscopic fluctua-
tions, and their averages correspond either to measurable
quantities �e.g., �X��, or things we would like to know about
�e.g., �N��.

A. Expectation values

Given this rather general model for a finite micromanipu-
lated DNA molecule interacting with proteins or other mol-
ecules in solution, we suppose that we compute the partition
function by summing the Boltzmann weights over all confor-
mations of the ni and other microscopic variables. For a
finite-length molecule, the resulting partition function
ln Z�f ,� ,��� ln �exp�−�E� is an analytic function of ther-
modynamic fields f , �, and �. Equation �1� indicates that the
partial derivatives of ln Z generate the average end-to-end
extension in the force direction, the average number of
bound proteins, and the average linking number:

�X� = 	 �kBT ln Z

� f



�,�
, �N� = 	 �kBT ln Z

��



f ,�
,

��� = 	 �kBT ln Z

��



f ,�
. �2�

The expectation values emphasize that these are statistical-
mechanical relations, following directly from the coupling of
fields to quantities dependent on microscopic degrees of
freedom in Eq. �1�, and also that their values must be deter-
mined statistically in an experiment.

B. Maxwell relations

One may write the “perfect differential” for the thermo-
dynamic potential,

d�kBT ln Z� = �X�df + �N�d� + ���d� . �3�

Barring any singularities �none should be present for finite
DNA length�, the mixed second derivatives are independent
of the order of partial differentiation, i.e., �2 ln Z /�f ��
=�2 ln Z /�� � f . This gives rise to the three Maxwell rela-
tions

	 ��X�
��



f ,�

= 	 ��N�
� f



�,�

, 	 ��N�
��



f ,�

= 	 ����
��



f ,�

,

	 ����
� f



�,�

= 	 ��X�
��



�,f

. �4�

Equation �4� suggests strategies to measure quantities
which would otherwise be difficult to determine. For ex-
ample, the first relation indicates that the relatively straight-
forward determination of how DNA extension changes with
protein chemical potential immediately indicates how the
number of bound proteins changes as force is changed. The
second relation shows how changes in linking number with
protein concentration acting against a constant torque, ex-
pected for any protein that either twists or chirally bends
�“writhes”� DNA, determine how protein binding changes
with torque at fixed concentration.

The final relation in �4� indicates how changes in linking
number with force are related to changes in extension with
torque; note that this relation applies to DNA in the absence
of any protein �i.e., the case �=−�� and provides a route to
measure torque changes in naked DNA. This type of mea-
surement will be discussed in more detail in Sec. IV.

C. Determination of numbers of proteins bound
from force-extension measurements

We now return to the first Maxwell relation of �4� that
relates extension changes with chemical potential to changes
in numbers of bound protein with force. The requirement that
this be done at a fixed torque may be achievable experimen-
tally, but also corresponds to the special case �=0 corre-
sponding to a torsionally unconstrained DNA �either nicked,
or tethered by a single-strand connection, a rather widely
studied case�. This Maxwell relation indicates that, if one
measures extension as a function of force and protein con-
centration, the change in number of proteins bound as force
is changed from f0 to f , at fixed � and �, can be obtained by
integration:

�N� f ,�,� = �N� f0,�,� + �
f0

f

df�	 ��X�
��



f�,�

. �5�

Equation �5� shows how to use force-extension data to di-
rectly determine the change in absolute numbers of bound
molecules, for binding positions with possibly widely vary-
ing affinities �generally the case even for “nonspecific”
protein-DNA interactions�, with no theoretical presumptions
beyond existence of thermodynamic equilibrium.

For a protein that bends or otherwise contracts DNA, ex-
tension will be reduced as � is increased, making the integral
of �5� negative for f � f0. Thus, as force is increased, DNA-
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contracting proteins will thus be driven off the double helix.
In the opposite case where DNA is extended by a protein or
other ligand, one can expect increased binding as the force is
increased. In a favorable experimental situation �possibly
achieved by careful choice of protein concentration� one
might be able to drive off the majority of a DNA-contracting
protein by increasing the force sufficiently. In this case, we
would have f0=� �or large� and �N� f0

=0, and therefore

�N� f ,�,� = − �
f

�

df�	 ��X�
��



f�,�

. �6�

The identification of this type of favorable “reference state”
allows determination of absolute numbers of bound proteins.

D. Analysis of a simple model of DNA-distorting proteins

To concretely illustrate Eqs. �5� and �6� we analyze a
simple and exactly solvable statistical-mechanical model of
DNA-compacting proteins. This will give some idea of what
experimental data might look like and how they can be
treated to extract numbers of bound proteins. We suppose
that our DNA molecule is of length L; we consider the easily
soluble case where there are distinct binding sites each of
length d, for a total of L /d noninteracting binding sites �the
more general case of proteins which interact along the DNA
is included in the case to which our general thermodynamic
formalism applies but for simplicity we consider a “nonin-
teracting” model here�. For simplicity we also suppress dis-
cussion of torque; one may generalize the model presented
below to the torsionally constrained case �3,4�.

For a naked double helix, previous work has established
that the semiflexible polymer model gives a good account of
low-force ��10 pN� DNA elasticity. As a high-force expan-
sion, this model has a partition function that behaves as

kBT ln Z = Lg�f ,A� = L�f − �kBTf/A + ¯� , �7�

where A50 nm is the persistence length of the double he-
lix. The extension as a fraction of the total polymer length is
just �X� /L=�g /�f =1−�kBT / �4Af�+¯. In order to obtain a
globally reasonable thermodynamic potential for the semi-
flexible polymer at fixed force g�f ,A�, it is convenient to use
the Legendre transformation from the ensemble of fixed ex-
tension X �2,43�. Given the force as a function of extension
(f�X�), the free energy at fixed extension is just the work
done extending the polymer, W�X�=�0

XdX�f�X��. In turn,
g�f�= fX−W�X�, where f =�W /�X. Below we use a free en-
ergy g�f� computed in this way, starting with the approxi-
mate fixed-extension formula f�X�= �kBT /A��X /L+ �1 /4��1
−X /L�−2−1 /4�. If one wishes to start from an expression
more closely approximating that associated with the ideal-
ized semiflexible polymer model, one may use the numeri-
cally complete solution discussed in Ref. �43�.

We suppose that, when a protein binds to one of the L /d
binding sites, it modifies the contribution to kBT ln Z for that
region of the molecule from its naked value gd to a modified
value hd�, where h�g�f ,A��. This is a model where binding
of a protein changes the maximum extension of the binding
site from d to d�, and changes the persistence length of the

binding site from A to A�. This provides a simple and ana-
lytically tractable way to modify the effective persistence
length and maximum extended length with protein binding.

Since each binding site is treated independently, the par-
tition function for the whole molecule is readily calculated
from the two possible states for each binding site:

Z = �e�gd + e���+hd���L/d. �8�

Torque effects could also be included in this model, but for
this discussion we limit ourselves to the torsionally uncon-
strained case �=0. Other elaborations such as binding-site
inhomogeneity and interactions between proteins at adjacent
binding sites may be added to this model.

The extension is readily calculated:

�X� =
�kBT ln Z

� f
= L

�g

� f
+ L

��d�/d���h/� f� − ��g/� f��
1 + exp�− ��� − gd + hd���

,

�9�

as is the average number of bound proteins:

�N� =
�kBT ln Z

��
=

L/d
1 + exp�− ��� − gd + hd���

. �10�

Figure 2�a� shows extension �normalized to total DNA con-
tour length L� versus force for this model, for the case A
=50 nm, A�=25 nm, and d� /d=0.9. Curves from left to
right show the cases ��=−� �naked DNA�, −8, −4, −6, −2,
0, and � �protein-saturated DNA�. Successively more posi-
tive �� values lead to successively more protein binding,
and consequent compaction against the applied force. The
parameters chosen here generate a slight length contraction
and a reduction in effective persistence length with protein
binding, corresponding to effects of DNA-bending proteins
seen experimentally �5,8,9,14,15� and studied using more de-
tailed bending models �4�.

Figure 2�b� shows the corresponding protein occupancies
�bound protein number per total binding sites�, which drop as
force is applied. Successively larger � values delay reduction
in bound protein to successively larger forces �the sigmoidal
curves from left to right show ��=−8, −4, −6, −2, and 0; the
case �=−� gives zero occupancy for all forces, while �
=� gives unit occupancy for all forces�.

The mixed derivatives satisfy the Maxwell relation

��X�
��

=
��N�
� f

=
L

kBT
	d�

d

�h

� f
−

�g

� f



	
exp�− ��� − gd + hd���

�1 + exp�− ��� − gd + hd����2 . �11�

This formula is a product of two factors. The latter ratio of
exponentials is the usual peaked response function familiar
from the theory of thermally excited two-state systems, and
will always contribute. However, the preceding term in large
parentheses controls the overall magnitude of the response
function, and is proportional to the difference in extension of
the naked polymer and the protein-coated polymer as a frac-
tion of the naked polymer length. If this difference is zero or
small, i.e., if the mechanical properties of naked and protein-
coated DNA are nearly the same, then it will be difficult to
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impossible to measure a nonzero value of Eq. �11�. On the
other hand, this formula indicates that, if there are mechani-
cal differences between naked and protein-coated DNA, and
of course if equilibrium can be achieved, then changes in
protein binding can be thermodynamically monitored.

Figure 2�c� shows these mixed derivatives �multiplied by
−kBT /L so as to be converted to positive dimensionless
form� corresponding to the cases shown in Figs. 2�a� and
2�b�. Peaked curves from left to right show results for
�=−8, −6, −4, −2, and 0; the maxima in Fig. 2�c� corre-
spond to the drops in the curves of Fig. 2�b�. In each case,
since the protein occupancy drops to zero at large forces
�limf→��N�→0�, the integrals of these pulse-shaped func-
tions from a given force up to f =� give the numbers of
proteins bound at that force.

Thus, in an experiment where thermodynamic equilibrium
of protein binding occurs, one can obtain data such as those
shown in Fig. 2�a�, by measuring the force-extension re-
sponse at a series of solution protein concentrations. One
normally cannot accurately determine the number of bound
proteins �Fig. 2�b��, but by calculating the chemical-potential
derivative of the curves of Fig. 2�a� followed by integration
over force, one can thus estimate the change in numbers of
bound proteins using the Maxwell relation Eq. �5�. We em-
phasize that the model discussed in this section simply pro-
vides an illustration of this general procedure. For the f-�-�
ensemble, the second and third Maxwell relations of Eq. �4�
can be used in an analogous way.

III. DNA MOLECULE CONTROLLED BY EXTENSION,
TORQUE, AND PROTEIN CONCENTRATION

We now briefly describe the Maxwell relations relevant to
the different ensemble where extension X is fixed and force
fluctuates. We imagine dropping the term fX from Eq. �1�,
and then carrying out the partition sum at fixed extension X,
to obtain ZO�X ,� ,��. The complete differential of the corre-
sponding thermodynamic potential is

d�kBT ln ZO� = − �f�dX + �N�d� + ���d� . �12�

In the thermodynamic limit L→� this potential can be ob-
tained by Legendre transformation of Eq. �3�; however, for
finite L the relation �X�f =X�f� is only approximate.

This set of thermodynamic control parameters is essen-
tially that used in optical-tweezer or other stiff-cantilever ex-
periments; we continue to work at fixed � and fixed �. For
molecules that are torsionally unconstrained, �=0; recently a
new type of optical-tweezer method has been developed
which allows constant nonzero torques to be maintained,
providing a complete realization of this ensemble �19�.

Following the same approach as in the previous section,
we obtain expectation values

�f� = − 	 �kBT ln Z

�X



�,�
, �N� = 	 �kBT ln Z

��



X,�
,

��� = 	 �kBT ln Z

��



X,�
. �13�

The corresponding Maxwell relations are

− 	 ��f�
��



X,�

= 	 ��N�
�X



�,�

, 	 ��N�
��



X,�

= 	 ����
��



X,�

,

(a)

(b)

(c)

FIG. 2. Behavior of �a� extension versus force, �b� protein oc-
cupation versus force, and �c� the mixed derivatives for the simple
model analyzed in Sec. II C. Parameters are chosen for a protein
that contracts its DNA substrate against applied force when it binds.
Successively lower extensions in �a�, larger values of protein occu-
pancy in �b�, or rightward-shifted peak functions in �c� correspond
to successively larger values of � �see text for details�.
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	 ����
�X



�,�

= − 	 ��f�
��



�,X

. �14�

The first relation indicates that measurements of force as a
function of concentration can be used to determine changes
in bound protein number with extension. In the majority of
optical-tweezer experiments done on torsionally uncon-
strained molecules ��=0� interacting with proteins, this rela-
tion allows changes in the number of proteins bound to be
computed:


N � �N�X,�,� − �N�X0,�,� = − �
X0

X

dX�	 ��f�
��



X�,�

. �15�

For DNA-compacting �e.g., DNA-bending� proteins, the
most useful reference state is likely to be high extension
�maximal X0�, where the bound protein concentration might
be driven to near zero.

The latter two Maxwell relations of �14� may become
useful in newly developed optical-tweezer experiments
where nonzero constant torques can be applied and mea-
sured. In such a case, �14� shows how linking number
changes with chemical potential at constant torque indicate
changes in protein binding with torque, and finally how link-
ing number changes with extension are related to force
changes with torque.

A. Work-adsorption relation

If we exchange the order of integration and differentiation
Eq. �15� can be rewritten as


N = −
�

��
�

X0

X

dX��f�X�,� = −
�

��

W , �16�

where 
W��X0

X dX��f�X��� is the mechanical work done
quasistatically in extending the polymer from X0 to X, at
constant torque and chemical potential. This relation con-
nects changes in the number of molecules bound to the
change in mechanical work that must be done to stretch the
polymer with change in chemical potential.

Equation �16� has a form roughly similar to the “Gibbs
adsorption” formula familiar from the thermodynamics of
surface adsorption. However, the physical meaning of Eq.
�16� is distinct from that of the classical Gibbs formula. The
Gibbs formula asserts that the number of molecules Ns ad-
sorbed to a surface of area A is proportional to the derivative
of the surface tension � with bulk chemical potential � �31�:
Ns=−A �� /��. This formula indicates that free energy lost
by removing a particle from solution to an adsorbing surface
must be balanced by the interactions between that particle
and the surface, which generate the surface tension. Gibbs
adsorption has been discussed in the context of binding of
small molecules at the surface of large macromolecules, for
example in osmotic stress studies of hydration of DNA �17�.

However, unlike the classical Gibbs adsorption formula,
Eq. �16� does not involve the total surface area �total chemi-
cal length for the present polymer case�, but instead is based
on the mechanical-force-dependent end-to-end extension of
that polymer, in the presence of a solute which modifies that

force dependence when adsorbed. While classical Gibbs ad-
sorption is based on the surface tension contribution to the
thermodynamic potential � dA for an area-independent sur-
face tension, Eq. �16� is based on the mechanical work con-
tribution f dX, with a strongly extension-dependent force.
Therefore, Eq. �16� is not precisely analogous to the classical
Gibbs adsorption formula, and is more closely related to
thermodynamic relations used to make measurements of
changes in the number of ions bound to bulk DNA phases as
a function of their osmotic compression �16� than to classical
Gibbs adsorption.

Rather than Eq. �16�, the relation in this paper that most
closely corresponds to the Gibbs adsorption formula is the
expectation value for bound proteins �N� in Eqs. �2� and
�13�. The thermodynamic potential can be identified as a line
tension associated with the total length L of the polymer, �
�−�kBT ln Z� /L, and the differential �3� can be generalized
to include a term −� dL. Equilibrium between adsorbed and
free molecules demands

�N�
L

= − 	 ��

��



f ,�
. �17�

Equation �17� is the one-dimensional version of Gibbs’ ad-
sorption formula, modified to describe adsorption of particles
onto a one-dimensional “surface” characterized by a free en-
ergy per length or line tension �.

One might measure � using a DNA molecule passed
through a nanopore that permits sliding transfer of the
double-helix contour, but which cannot pass proteins. If
DNA-binding proteins were placed in a solution on only one
side of such a setup, the DNA contour would be pulled to-
ward the protein-containing region. Measurement of this
protein-generated translocation force would give the protein-
concentration-dependent part of �.

Equations �16� and �17� could have been obtained via
purely thermodynamic arguments, by analyzing the total ad-
sorbed excess obtained by integrating the difference between
the protein concentration and the bulk concentration over a
volume enclosing the entire DNA molecule �see Ref. �17� for
an example of such a derivation involving adsorption onto
molecules free in solution�. Microscopic models of the form
�1� can describe the general adsorption case where the
nearby “atmosphere” of enriched concentration is counted as
adsorbed; the only constraint is that the bulk concentration c
�i.e., �� should not appear within Eint. Consideration of an
atmosphere of adsorbed molecules is essential to analysis of
water or ions near biomolecule surfaces �17�; for binding of
larger biomolecules like proteins at low bulk concentrations,
the question of the extent of the corresponding adsorption
atmosphere is unknown.

B. Force “plateaus” during pseudo-phase-coexistence
transitions

Given sufficient cooperativity, it is possible for even a
one-dimensional and finite DNA molecule to show phase-
coexistence-like behavior �2�. Examples from studies of
stretching of single DNA molecules include structural
changes in DNA structure such as the “overstretching” tran-
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sition �32,33�, binding of proteins such as RecA which es-
sentially polymerize onto the double helix �34�, and chemical
condensation of DNA �35�. These types of highly coopera-
tive reactions are often observed to proceed at nearly con-
stant force.

Specializing to the case of drugs or proteins binding in a
highly cooperative manner to DNA, it may be reasonable to
describe the molecule as partitioned into two “phases,” e.g.,
protein-bound and protein-free regions, with the length frac-
tions of the two states variable with extension X. During
conversion from one state to the other by variation of X,
force must remain constant, since it is an intensive quantity
determined by the intensive free energies of the two “coex-
isting states:” ���f� /�X��,�=0. We immediately obtain
�2�f� / ��X���=0 and �2�f� / ��X���=0. Therefore, during
this conversion process, the first and third relations of �14�
are X independent. Integration of the first relation across the
force plateau leads to


N


X
= − 	 � fplateau

��



�

. �18�

Thus, measurement of how a force plateau changes with
chemical potential can provide an estimate of the total num-
ber of proteins bound or released as one moves across it.
Alternatively, when one observes a nearly constant force
with extension ��f /�X0�, one can immediately conclude
that N is varying linearly with X over that interval.

This general idea can also be used to analyze highly co-
operative structural transitions in naked DNA such as the
“overstretching” transition �32,33�. When two thermody-
namic fields are available, one can map out a “phase dia-
gram,” consisting of first-order-like transition lines. Force
and torque provide a prototypical example of such a pair of
fields, allowing structural transition lines to be determined in
the force-torque plane �18,23,36,37�. Across these transitions
there will be rapid variations of extension and linking num-
ber. Perhaps the best known of these is the overstretching
transition at 65 pN and zero torque, across which DNA
length changes by about 70% over only a few piconewtons
force range �32,33�; the DNA linking number also changes
dramatically during this transition �36�. Integration of the
third relation in �14� across such a transition gives a relation
between the ratio of extension and linking number shifts to
the slope of the state boundary in the force-torque plane:


X


�
= − 	 � fplateau

��



�

. �19�

Equations �18� and �19� are analogous to the Clausius-
Clapeyron relation dP /dT=
S /
V familiar from the study
of solid-liquid-gas phase transitions.

Relations like this in the osmotic-pressure–temperature
plane have been used to analyze changes in entropy and hy-
dration of DNA during abrupt first-order-like structural tran-
sitions in DNA solutions driven by osmotic stress �16,38�.
Single-DNA overstretching has been discussed as a sharp,
first-order phase transition involving two coexisting phases,
leading to formulas analogous to Eq. �18� defined in the
force-temperature plane. This phase-equilibrium approach

has been used to measure total entropy changes during the
overstretching transition �39–42�. A similar approach in the
force–ion-concentration plane has been employed to measure
changes in ion binding during DNA overstretching �40,42�.

Of course, in the case of one-dimensional stretched DNA
molecules, transitions such as overstretching will be
smoothed by thermal fluctuations and by quenched sequence
disorder. Consequently application of phase equilibrium
ideas can be only approximate, i.e., there will always be
some “width” to the force or torque plateaus observed in
experiments. However, the Maxwell-relation-integration pro-
cedure outlined above is always valid. In fact, Eqs. �18� and
�19� may always be used even when there is an ill-defined
plateau, or no plateau at all, provided that fplateau is defined to
be the average value of the force over the extension interval
of interest, i.e., fplateau���dX f� /
X.

Differential Maxwell relations are straightforward to ob-
tain for other thermodynamic fields; for example, since tem-
perature changes contribute S dT to the thermodynamic po-
tentials discussed here, one can immediately obtain Maxwell
relations such as ��S /�X��,�=−��f /�T��,X. Integration of this
relation leads to the Clausius-Clapeyron-like relations dis-
cussed in Refs. �39–42�.

IV. DNA MOLECULE CONTROLLED BY FORCE,
LINKING NUMBER, AND PROTEIN CONCENTRATION

In magnetic-tweezer experiments, the force, chemical po-
tential, and linking number are all controlled and can be
constant. The partition sum for this ensemble should be car-
ried out subject to the constraint of fixed �, to obtain
ZM�f ,� ,��. The expectation values of extension, bound pro-
tein number, and torque follow as

�X� = 	 �kBT ln Z

� f



�,�
, �N� = 	 �kBT ln Z

��



f ,�
,

��� = − 	 �kBT ln Z

��



f ,�
. �20�

These expectation values are summarized by the differential

d�kBT ln ZM� = �X�df + �N�d� − ���d� . �21�

The Maxwell relations in this case are:

	 ��X�
��



f ,�

= 	 ��N�
� f



�,�

, 	 ��N�
��



f ,�

= − 	 ����
��



f ,�

,

− 	 ����
� f



�,�

= 	 ��X�
��



f ,�

. �22�

The first relation of �22� can be used to measure changes in
numbers of proteins bound with force, by performing an in-
tegral of the extension rate with chemical potential via a
fixed-� version of Eq. �5�. The second relation of �22� tells
us the connection between bound protein number changes
with linking number and torque changes with chemical po-
tential. If torque changes with protein concentration can be
measured, one would therefore know the linking number
change contributed per protein bound.
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We note the last relation of �22�, which is usable at con-
stant protein concentration, and also can be used to measure
torque changes in naked DNA in the absence of any protein.
This final relation allows extension changes with linking
number, easily measured in magnetic-tweezer experiments,
to be used to obtain torque differences:

��f ,�,�� = ��f0,�,�� − �
f0

f

df�	 ��X�
��



�,f�

. �23�

It is a challenge to find a reference state with absolute known
torque; the zero-force state has remnant torque at all values
of � except for the not terribly useful fully relaxed case
where �=0. Nevertheless, the ability to accurately measure
absolute torque changes should allow one to use magnetic-
tweezer experiments to test specific microscopic models of
double-helix statistical mechanics �22,23�.

Finally, we also note that, when naked DNA is stretched
and twisted, it can undergo a kind of internal phase separa-
tion into extended and “plectonemically supercoiled” do-
mains. This domain formation can be analyzed analogously
to the cooperative protein binding discussed in Sec. III B.
During formation of plectonemic domains by changing link-
ing number � at fixed force, the torque must be constant
�22,23�, and therefore by �22� �X� must change linearly with
linking number �22�.

V. CONCLUSIONS

This paper has discussed Maxwell relations for the gen-
eral problem of a polymer which is stretched and twisted,
and to which other smaller molecules are able to bind. More
generally, these results apply to any elastic object with addi-
tional Ising-like internal degrees of freedom �the binding
variables ni�, to which an external field ��� is somehow
coupled. The main application that we have discussed is
analysis of mechanically constrained double-helix DNA in
solution with protein molecules, which distort the double he-
lix when they bind to it. We have shown how Maxwell rela-
tions can be used to measure changes in the total number of
proteins that bind to a DNA molecule, by measuring how the
polymer elasticity changes as bulk protein concentration is
changed; the most useful relations in this regard are likely to
be �5� and its fixed-extension counterpart �15�. Given that
direct measurements of numbers of proteins binding to a
DNA molecule range from difficult to inaccurate to impos-
sible, the procedure outlined here might prove valuable.

In experiments where DNA twisting is controlled, we
have also shown how measurements of extension as a func-
tion of linking number can be used to measure torque
changes with force. Over the past few years, magnetic-
tweezer experiments have become quite widely used to twist
and stretch DNA, but direct measurement of torque is quite
difficult in such experiments �18,19�. One approach that has
been quite widely used is estimation of the torque in DNA
under a given force, which requires some degree of micro-
scopic theory �22,23�. The method described here can be
highly complementary to modeling approaches, since �23�
allows measurement of absolute torque changes with almost

no theoretical suppositions beyond existence of an equilib-
rium ensemble.

If the relationship between force, torque, extension, and
linking number can be determined at a series of protein con-
centrations, then the extension and linking number changes
per protein that binds are determined. Equation �14� imme-
diately tells us the extension change per protein bound at
constant protein concentration and torque, ��X /�N��,�
=−��� /�f�X,�. In the same way, Eq. �22� determines the link-
ing number change per protein bound at constant concentra-
tion and force, ��� /�N� f ,�=−��� /��� f ,�.

All these applications to study protein-DNA interactions
presuppose experiments where the binding of the protein �or
ligand� being studied is reversible over the range of concen-
trations of interest. However, in some cases it has been ob-
served that, for sufficiently large concentrations, the binding
of proteins to DNA can become irreversible, possibly be-
cause of cooperative protein-protein interactions �9,15�. In
such situations, thermodynamic measurements involving dif-
ferent protein binding states are not possible.

However, in situations where proteins cease to dissociate,
an alternative approach may be possible, based on the obser-
vation that DNA fragments in solution are able to remove
proteins from complexes that are entirely stable in DNA-free
solution �9,15�. Given this, small DNA segments in solution
with protein may allow protein binding to equilibrate, by
providing efficient protein-transfer kinetic pathways. In this
case, the thermodynamic methods discussed here are usable,
as long as reversibility of the observable quantities as a func-
tion of protein �and DNA fragment� solution is observed.
This type of medium may in fact be more biologically rel-
evant than DNA-fragment-free solutions; the situation found
inside a cell nucleus, or a bacterial nucleoid, is one where
both DNA and many species of protein are present at high
concentrations.

This paper has considered only one species of protein or
ligand binding to the double helix. It is straightforward to
generalize the results presented here to the case where two or
more species of molecules that bind to DNA are present in
solution. In such a situation, experiments varying the bulk
concentrations of each molecule species could be used to
measure bound amounts, through relations of the form �5�
defined for each species. It is also worth noting that the re-
sponse functions in the Maxwell relations of this paper all
have statistical interpretations as correlators of microscopic
variables. For example, the first Maxwell relation of �22� is
equal to ���XN�− �X��N��.

Although the thermodynamic approach outlined in this
paper is useful in the absence of microscopic models, it is
likely that the use of thermodynamic relations combined
with microscopic statistical models will be desirable. The
simple noninteracting model presented in Sec. II D provides
a starting point for such studies, with many elaborations of it
possible. Energetic cooperativity or sequence inhomogeneity
effects could easily be added, as could a more realistic de-
scription of protein-driven DNA deformations such as DNA
bending and DNA twisting. All such additions are within the
scope of the general binding model presented in Eq. �1�.

The Maxwell relations and their applications described
here may have applications to other types of soft matter or
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biophysical situations where stress response and molecular
binding degrees of freedom are coupled. More closely re-
lated to this paper, force-modulated protein-binding effects
may occur along cytoskeletal filaments, and could provide
stress-sensitive regulatory responses; a thermodynamic for-
malism similar to that used here could be applicable to
analysis of such a situation. Similarly, proteins adsorbed to
cell membrane surfaces that affect that membrane’s mechani-
cal properties could have their binding modulated through

bilayer stress; their behavior could be analyzed using meth-
ods similar to those described in this paper.
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